CONTINUUM-DISCRETE MODEL OF A MIXTURE OF GAS
AND SOLID PARTICLES FOR SMALL CONCENTRATION OF PARTICLES
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It was noted in [1-3] that one of the deficiencies of the two-fluid model is the possi-
bility of intersection of the particle trajectories and as a result an infinite mean dens-
ity of particles at the intersection points. It was suggested in [2] that for flows with
Kn << 1 there should be clusters of densely packed particles at the intersection points of
the particle trajectories due to particle collisions. In the present paper we consider the
case Kn >> 1. The ensemble of particles is described with the help of the collisionless kin-
etic equation. It is shown that in this model intersections of the particle trajectories
are possible, and that the mean particle density remains finite everywhere. We study the
stability of the flow of the mixture of gas and particles against small perturbations in the
framework of our model. Unlike the two-fluid model [1, 2, 4] the perturbations are bounded
and their amplitude is inversely proportional to the width of the velocity distribution func-
tion of the particles raised to a fractional power. The finite amplitude of the perturba-
tions in [2] results from collisions in the particle 'gas."

1. The kinetic equation for the particles in the collisionless limit can be found from
the equations of [5]. Neglecting collisions and the diffusion of particles in velocity space
(small m,), it has the form

oF IF 1 9F 9 [(u—uwy)
=ty -+ (g_~——Vp) W—+E[——l—1;—2g-]=0, (1.1)

where u;(t, r) and p(t, r) are the velocity and pressure of the gas; u, and p,, are the ve-
locity and true density of the particles, #(t, r, u,) is the single-particle distribution
function of the particles, g is the acceleration of gravity, t is the relaxation time, and
m, is the volume concentration of particles.

The above simplifications occur when the following inequality is satisfied:

Kn ~ d/im,L > 1. (1.2)

Here d is the diameter of a particle and L is the characteristic length of the variation of
the mean flow parameters. Equations for the mean quantities are determined as in [5]

oo +oo
my = j‘ F du,, <u2>.=—m1— j u, F du,. (1.3)
—00 2 —- 00

Neglecting the effects of heat exchange between the gas and the particles, the system (1.1)-
(1.3) is closed by the equations for the gas phase obtained in [6]:

dp 9 '

atl + or (pl'_'l’l)=07 0y = 011y, m1+m2=11 (1.4)
du : u —{uyy d 3 d
01 dltl =p1g_m1Vp_Pz(—1"‘T_2‘)’Tﬂl='a_t“+u1’ﬁ7

p = plpn), P22 = const; p, = Pz,

where p;; is the true density of the gas, m; is the volume concentration of the gas, and <u,>
is the average velocity of the particles.

Equation (1.1) is represented in the form
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DF /Dt = —F oF'[du,,
DDt = d/at - u,8/0r + Fdldu,, F' = (u; — wy)/7,

and its general solution is written in the form

- t
# " oF
?(t,r,%)=.¢°(t°,r*,u2)exp(—3—au—z-dt), (1.5)
+0

r=r (t9 tO’ I';, “:), Uy = Uy (t7 t07 I':, u;)7

# * .
u = g ig0 T2 = Taligo-

Here the integral is taken along the characteristics determined by the second and third equa-
tions in (1.5), and F° is an arbitrary function. Multiplying (1.1) by 1 and u,, respective-
1y, and integrating with respect to u, from —~ to +», we find, in the special case where the
particle trajectories do not intersect in the region of flow and random motion near the par-
ticles is absent at the initial instant of time, the solution of the system (1.1)-(1.4) re-
duces to the solution obtained with the two-fluid model.

2. We consider a one-dimensional problem on the decay of a discontinuity in the mixture
of gas and solid particles in the region Dz{—> < x, < 4=, t 2 0}. The volume concentration
of particles m, will be assumed to be so small that it is possible to neglect the effect of
the particles on the gas. Assuming u, = const, p = const, p,; = const, g = 0, we transform
the system (1.1)-(1.3) to the form

9F oF g [¥, —u
R e 2.

+oo :
1 I
Mmy == j‘ Fdu,, {uyy = e j u,Fdu,.

For system (2.1) in the region Dz we have the following initial conditions:

32'0(t=0)=v"% exp(——-(—%-——l;%@—), (2.2)

ug (z,) = w' — w” arctg az,, -
wd = (wl + wz)/zf wt = (u71 - w2)/n.’}
w1>w2>u1>01

where u,°(x,) is a "smeared" step function with width Ax, ~ 1/a and u,’ » w; when x, » —~ and
u,? > w, when x, > +». The characteristics of Eq. (2.1) are determined from the equations

dzyfdt = uy, duyldt = (1, — u,)/v. (2.3)

Introducing the notation u,* = u,(t = 0), x,* = x,(t = 0), we obtain from (2.3)

g = uy + (g —uy) ™,

z, =5 +ut + (ug —u,) K, K=1v(1—e),

Substituting (2.2) in (1.5) and introducing a change of variables

ou
__ 2 * —HT 3 *
du, = _—0u; du, = e " 'du,,
we find
m3 -T (uf —u (a2))?
m, = 2 ex _\" 2 \"2 * Vi
V= p( B )duz. (2.4)

The integral (2.4) is evaluated by the saddle-point method for fixed values of t and Xy
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The function® (u,*, t, x,) = (u,* — w$ + warctanax,*)? is expanded in a Taylor series
up to terms of order (y — u,*)?, where y and x,* are determined from the system of equations

y—w' +warctgor; =0, 25 + ut + (y—u)K —z,=0.

(2.5)
Substituting (2.5) into (2.4) we have
[
- ol _wo =z + — $(z3) K.
my = 2 ms \1 1 (o) | zy=1y +u, (t —K) + ud(23) K (2.6)

=1

Here t and x, are fixed and n is the number of roots of the second equation of (2.6), which
is solved graphically (Fig. 1), where Y = w"arctanax,* — wS, X = (x,% — x, + u, (t — K))/K.
The root is given by the intersection point of the straight line X and the curve Y, i.e.,

(Y = X). It follows from the results shown in Fig. 1 that in the region bounded by the lines
passing through the points (v~, £%) and (vt, £7), the number of roots is n = 3 and elsewhere

n = 1. Differentiating the second equation of (2.6), we obtain

dx o
ml 2.7

(Bx: )t 14 (azy)?’ hence o
oz

£>0, —oo<<z <E(2),

L0, )<z <E (),

—2 >0, & () <al <+ oo,

*
(7z2

where E&(t) = 4 % Vaw“[{ — 1 aw"K>=1.

Thus the trajectories in the (t, x,) plane will have the form shown in Fig. 2. The
curve T, is the caustic and is defined by the equations

iy = u, (t — K) + w'K -+ (% V w'ek — 1 — w'K arctg |/ wak — 1},
tT = —vln (1 — Yaw™), 23 = u,t* + 1/(w'a) (W' — u,).

On the caustic we have the condition 8x,/9%,% = 0 [7]; therefore, in view of (2.6) and (2.7)
the quantity m, goes to infinity on T';. The solution on the caustic can be found if we ex-
pand @ to order (y — u,*)* [the coefficient in front of (y — u,*)? is zero on I';]. Substi-
tuting this expansion into (2.4), we obtain the following result on T;:

ng T(T) ()t

my N'I/EUIM‘ 21/4 (a3wnK2x;)1/2

L @5 =BV (t): (2.8)

Here T is the gamma function and o/(w")2? << 1 (from the convergence condition on the series).
The solution is valid everywhere on I'; except at the point (t*, x¥,) where m, > ». Similarly,

keeping terms of order (y — u,*)® in the expansion of ¢, we find the solution at the point
(t+, x,%)

my T ()

+ 7~
my &~ V Zre 3 (B k)73

. K = 1.

(2.9)

The applicability condition for this solution [using (2.9) and Kn >> 1] has the form

m;' <1, ocdfm;' >>‘ 1.
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The solution of the problem considered here with the initial condition u, = u,’(x,),
m, = m,° generally cannot be ‘obtained in the two-fluid model [6] because inside T, three
particle trajectories pass through each point. If we introduce two additional phases associ-
ated with the particles, then a solution of the type (2.6) can be obtained everywhere except
on ', where m, goes to infinity. When the ensemble of particles is modeled as a continuous
medium, only one value of the velocity is defined at each point (for a fixed phase) and,
therefore, ¢ = 0 and it then follows from (2.8) and (2.9) that m, > » on I';. We conclude
that this infinity is irremovable in the framework of a collisionless continuous medium model.
The singularity in m, can be removed by introducing collisjons into the particle phase for
Kn << 1 [2] or by using the kinetic equation (1.1) for Kn >> 1, where Kn # d/(m,L) is the
Knudsen number. Using the inequality o/(w")2? << 1, aw™ ~ 1 and the solution (2.6)-(2.9),
it is easy to show that the maximum value of m, is attained on the caustic and hence a cluster
of particles forms on the caustic. The formation of the cluster results from singularities

in the behavior of the particle trajectories rather than from collisions between particles,
as in [2, 3].

When the width Ax, ~ 1l/a goes to zero (a > «) and u,%(x,) transforms into a step func-
tion, it follows from (2.6) that the solution has the form

n

mzzgmg’

=t \—L
5\ —
=

Zy =25 + u; (t —K) + ug(x:)K, ud(23) = v’ — <———

% T
—1, . 2. <<0,
G(x;)={ 1, >0

T L F
w' e {r;),

The function Y = —u,%(x,%*) is shown in Fig. 1 by dashed curves and in the region bounded by
the straight lines 1 and 2 there are two roots of Y = X (n = 2) and one root (n = 1) else-
where. The corresponding pattern of trajectories is shown in Fig. 3, where the positions
of the curves I', are determined by the equations

zy = uy(t — K) + w,K, 2, = w,(t —K) + w, K.

In the region bounded by the curves I, we have m, = 2m,°, and elsewhere m, = m,?,.

We study the stability of the stationary solution of the system (1.2)-(1.5) to small
perturbations. 1In the one-dimensional case, neglecting the volume occupied by the particles
(small m,), the system (1.1)-(1.5) can be written in the form

oF oF |, @ _ U, —u (3.1)
Tt v PP =0, F =2y,

+ 00 +

1
m, = S Fdu,y, (upy = o u,Fdu,y, 0y = const,

00

Sy oy P A 0p Py T (M)
ot ' "l oz p,, 0= D1y T g
ap. . 3 [ d?
0:1 + oz (p11u1) = 07 p=p (pll)l T= 1282”
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The stationary solution of the system of equations (3.1), neglecting the compressibility of
the gas, is

1° = (ph; m3; ul; Cup)°) = const, (3.2)

0
1

T

u,’ —a

Cap® .
= g"}l%_ = _g(ptl)l + 93)7 a={uy’.
At the instant t = 0 a perturbation of the stationary solution is turned on:
] = %) 4 f'(), {'(z) = 8f sin kz, &f < f°.

Since short-wavelength perturbations are of the most interest, we consider the case of large
k satisfying the inequality ktcy >> 1, and for long-wavelength perturbations we obtain the
inequality

d < M<K (029/p11)d, (3.3)

where A = 27/k and c, is the speed of sound in the gas. It follows from (3.1) that the equa-
tions for the gas phase are nonlinear and therefore we represent the solution vector for the
gas phase as a sum

@* = ¢°(2) + ¢’ (2, 1) (¢° (2) = (p° (2), ul (2), p11), 9'/9° < 1), (3.4)

and linearize the equations for the gas about the stationary solution (3.2). Taking into
account (3.2)-(3.4), we obtain from the system (3.1) the following equations, all to order
0(1/ktcgy):

oF aF 9 : .
G tu g g FF =0 F=(a—w )y

+co + oo ;
=S.32'du2, (uz)#mi-‘g Uy F dug, us = @ + Uy, (3.5)
2 fw

du; u;— u; dz,
—‘—”—=——-T—, T—a+u2, a—const
’ 7
ou 1 0p

it | ol =L = =0,
ot 1 oz Pgl ax p = pllcﬂv

’ ?

a, [ Pnn 0o @ P 0u

7 T) g ||+ =0
P/ p

11-

We note that the last three equations of (3.5) describe the propagation of the perturba-
tions in the gas and do not depend on the parameters of the second phase. This means that
we can study the equations for the particles without assuming that the perturbations are small,
whereas for the gas phase it is sufficient to consider the linearized equations for the per-
turbations. We note that u,' is not the perturbation of u,, but the difference of u, from
a = <u2>°,

The initial conditions for the system (3.5) are written in the form

@' |t—o = B¢ sin kz,
m® ", — a 4 8u, sin kz))?
v-e"p( (1 — e+ b ))),

mg = mj + 8m, sin kx

(3.6)

F iy =

where ¢?is defined in (3.4). Rewriting the last three equations of (3.5) in characteristic
form, we have, with the help of (3.6),

u;=—1—(6rSink(x—(ug +¢)t) + 8ssink(z— (u) —¢p) £)), (3.7)
ﬂ}_ _—.—(ﬁrsm}c(x——(ul +c0) t)——ﬁssmk(x—(ul——cﬂ)t))
oh
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§ 8p._. 3.7
'6r=6u1+co_£;’,63=6u1—~c0 pz‘. ( )

11 pll

Integrating the equation of motjon of a particle, we find

Lo ’ ’
;,t; - —t/t + et (j‘ uy (', 2, (1) et,/tdt,), . (3.8)

1)
0

o,
uy (27, 2, (1Y oy,

o

xz—xz +at+u3 K’t +‘S‘dt’ ~t

where K(t) = (1l - e't/T); u, '(t", x) is determined by (3.7). The solution of the second
equation of (3.8) is found by iteration. We choose as the zeroth approximation

A0 =2} + at + u'K (b). (3.9)

Substituting Xz( o) into the first equation of (3.8) and the result into the second equa-
tion, we compute xz(l) then x (2), and so on, by repeating this procedure. Assuming that
X, nj - “+at + €K, in order to calculate x, n+1) ye must evaluate an integral of the form

t v
I= j'dt'e—t’ﬂs et,cﬂ [— sin (kb 1"+ keK (") + a) ——Sm (kbte" — ksK a)]dt
0

where b~ = ¢y = (u;° —a); a = kx,*; kb™t >> 1 (large k); bt = ¢, + (u,° —a); kbt >> 1;
b™ >0 (sub‘onlc with respect to the flow velocity). Using the properties of integrals of
rapidly oscillating functions [8], we have

I'= (A — eB)K cos o + O(1/(a*)? 4- 1/(07)?), (3.10)
where w~ = kb713; wt = kb+1;
s or . b &r
4= 20~ 20t (20b7) + (2otpt)”

Taking into account (3.8) and (3.10), we obtain the n-th iteration

zgn)=xg°>+1<(—;;2 (— )P PA + g P (—1) A") (3.11)
k=1

R=1

where A = Bcoskx,®. Using mathematical induction, it is a simple matter to prove that (3.11)
is the correct solution and the sequence x,'°/, x, 1), ..., x, D) is a geometric progression
with a sum equal to

A ’
z, —x(z°)+K('B"‘uz*)1_5A-A' (3.12)

Because the integral (3.10) was calculated to within an accuracy of 0(1/(w?)? + 1/(w”)2),
the final expression for x,, to the same accuracy, can be written [with the help of (3.12)]
in the form

z, = zy +at + uy K + (.263_

S ' 4

Equation (3.13) can be obtained from (3.11) if we put n = 1, i.e., when it is sufficient to
use a single iteration.

Substituting (3.7) and (3.13) into the first equation of (3.8), we have

Uy = uy'e _’/’+e"/‘(-‘;i11— & g ) +0((§w)2 Z2 5w), ' (3.14)
0
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I, =;:E[(1 + bi: )cos kxy —(e“T i:—i cos (ote® — kx;)]-}-O(i/coi)z, (3.14)
j:—t/*u:—i— u g GN =6u-cos kzy
bt bit ! ’

, . R ozy ; .
and from this result we can compute the partial derivatives ( ,i),(a%i), at fixed t and x,
du, u
in the form 2 2

P * . IZ3 1
% k(1 — 6w E sinka?) + 0 b 22, 32 (3.15)
6u2* T N "o )7
alfz* =e "0 (e‘m——aufo),.
auz' Co® ’
1/ 8s §r
8w = 5 (—b: —_ F)’ ®Y = kCo'lT.

As follows from (3.1), in order to determine m, and <u,> it is necessary to evaluate the in-
tegral

) ( ;*—Guzsinhx;)z

(l
e i du (3.16)
@) =3 2 j(b(uae : .
2no
Substituting (3.13) and (3.15) into (3.16) and changing variables:
and using the inequality vo/c, << 1, we have duz = duj, dup = 5"2 2 out
‘ 2
-—éuzsmkxg)
® f —“;a‘— ., (3.17)
< > 2 '[/2:10‘ (D\ll2 du’2 1
Cz=2x +_at+u2 K+—k-T-Kcoskx;. : (3.18)

Expanding the argument of the exponential about its maximum, which is determined from the
equation
y — Su, sin kx; (y,t, z) = 0, (3.19)

we find

f=(1 + 8u,kK cos kz; (y,t,2))* (us* — y)*, (3.20)

where f is the argument of the exponential in (3.17): f = (u,'* — Su, sink x,*)?. Substitut-
ing (3.20) into (3.17) we obtain

n

mEO (5, 75;)
m2(®)—i§1 |1‘+6u2choskz2*(yi,t,x)l ! (3.21)
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where & = 1, & = u,, and n is the number of roots of Egqs. (3.18) and (3.19). Putting ¢ =
1, n =1 into (3.21) and comparing with the corresponding expression for m, obtained in [2]
with the two-fluid model, we find that they are identical.

If Su,kt < 1, then m, is finite everywhere in the half-plane t 2 0, —» < x < +» and in
the opposite case (8u,kt 2 1) there exist points where m, » ». Setting the denominator in
(3.21) equal to zero, we find an equation for a curve in the t, x,*% plane on which m, is in-
finite:

1 + Su.kK cos kxy =0. (3.22)
Expanding (3.22) we have

27 1
=—;:— + ﬂi-— (arccos

gt m=0,%1,.... (3.23)

©

1
x 6u2k1{ )’

Substituting (3.23) into (3.18), we can write
LI Y (arccos L VL ERE = 1) — Sw/(duk®T) +at (¢ >—vIn(1—1/(8ukv)- (3,24)
T TR T |8 Su ik , .

Using (3.17), (3.18), and (3.22), we find that on the curve defined by (3.24) to within
terms of order O(8w) we have the identity 8x/8%x,% = 0; these curves are called caustics [7].
The distribution of trajectories (dashed curves) and caustics (solid curves) are shown for
this case in Fig. 4, where t¥ = —t1n(1 — 1/8u,kv). The calculation of m, on the caustics
is carried out by expanding f up to terms of the fourth power (u,'® — y)*:

L ) (kK — 1) (w" — )%,

and substituting the result into (3.17). We thereby find m, on a caustic in the form

wf 1
~ zmzr(z) (3.25)
27 VZnoV4 (2 (kK) ((Su,kK)? —1))VY

where T' is the gamma function. This formula is valid everywhere on the caustic except the
p01nt 0' (and its neighborhood). At the point O' we have the expansionf » (1/36)(8u,(kK)2)2-
(u,'* — y)® and, therefore, m, is given by the formula

~ i V0 (&) ), (3.26)

The applicability condition of (3.26) has the form
my <1, kdjmy>1, kd<<1,
where m,' & m20(5u22/0)1/3; o/8u,? < 15 m,° « 1.

Therefore, we have shown that in the continuum-discrete model, without taking into ac-
count the volume of the particles, a small perturbation arising at t = 0 on —» < % < 4+~ re-
mains finite everywhere in the half-plane t > 0, —» < x < 4=, The maximum amplitude of the
perturbation occurs on the caustics defined by (3.24) and it is inversely proportional to
the width of the distribution function raised to a fractional power [Egs. (3.25) and (3.26)],
whereas in the two-fluid model (also without taking into account the volume of the particles)
a small perturbation diverges on the caustics according to the law (3.21).
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CALCULATION OF THE NONEQUILIBRIUM PARAMETERS OF AIR
AT THE SURFACES OF MODELS AND IN THE WAKES BEHIND THEM
FOR THE CONDITIONS OF AEROBALLISTIC EXPERIMENTS

I. G. Eremeitsev and N, N. Pilyugin unc 629.7.018.3

The calculation of the nonequilibrium, quasi-one-dimensional flow of chemically reactive
gas mixtures is of practical interest in connection with the study of relaxation processes,
obtaining gasdynamic jets for physical measurements, and the investigation of plasma super-
sonic phenomena in the wake behind a body, etc.

Calculations of chemically nonequilibrium, supersonic, quasi-one-dimensional flows are
presented in [1-8] and elsewhere. Here various algorithms are used to solve such problems
for flows in nozzles and stream tubes near a body. At present the fields of nonequilibrium
parameters at the surfaces of spherically blunted cones are calculated for certain conditions
of streamline flow using stream tubes, while calculated results for inviscid flow in wakes
are absent. In expansion behind the stern cut of a body, where the gas temperature is sharp-
ly reduced, it is necessary to make additional allowance for important reactions with the
participation of electrons, negative ions, and polyatomic molecules. Calculations of non-
equilibrium parameters in the flow over bodies with surfaces of other shapes, in a wide range
of variation of the initial parameters, are also necessary for the comparison and treatment
of the results of aeroballistic experiments. However, the absence of calculation methods
that are convenient and rapid for execution on computers has prevented making such comparative
investigations and giving practical recommendations up to now.

The problem of the flow of a chemically nonequilibrium, partially ionized, multicompon-
ent, inviscid gas from a spherical supersonic source was studied in detail in {9]; from the
calculations it is seen that in a number of important cases one can use a constant value of
the effective adiabatic index, making it possible to obtain a one-to-one connection between
the area of a stream tube and the gas pressure.

In the present paper we give a single algorithm for the computer calculation of the direct
and inverse quasi-one-dimensional problems of the flow of chemically nonequilibrium, multicom-
ponent air. The formulation and ways of solving a number of problems of nonequilibrium aero-
dynamics are discussed on the basis of the calculation method developed.

1. Let us consider the steady quasi-one-dimensional flow of a chemically nonequilib-
rium gas. The system of dimensionless equations describing such flow has the form [1]

, d d,
pusS (z) = 1, pv—d—2=—-—d%,. (1.1)
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